Introduction
Independently of the matrix and fiber materials and in spite of different physical and mechanical properties, fibrous composites present a common feature, namely, the bridging or the reinforcing action exerted by the fibers spread into the matrix. This action affects the global structural response of the composite component mainly in the post-cracking phase, resulting in an increase of several mechanical properties: strength, stiffness, toughness, ductility, crack resistance, and fatigue strength. The cracking process is controlled by the reinforcements, which act across micro-and macrocracks. For this reason, the bridging mechanism is central also in all mechanical models for the analysis of the composite material response, especially if the matrix is brittle.
Two fracture-mechanics-based approaches have been extensively used in the last 20 years for modeling the constitutive behavior of fibrous composites: the bridged crack model ͓1,2͔ and the cohesive crack model. Both model types, in accordance with the ones proposed by Barenblatt ͓4͔ for the analysis of brittle heterogeneous materials and by Dugdale ͓5͔ for the analysis of ductile materials, replace the bridging zone by a fictitious crack and represent the bridging actions by a closing traction distribution ͑w͒ ͑cohesive law͒, where w is the crack opening, or by a series of concentrated loads. In other words, the fracture process zone ͑FPZ͒ is substituted by a discrete crack and the localized closing tractions, either continuous or discontinuous, on the crack faces, represent the bridging mechanisms active in the FPZ.
The fundamental difference between these two model types is in the assumed stress field in the crack tip vicinity; for the bridged crack model, it is a singular stress field, whereas for the cohesive crack model, it is finite and limited by the tensile strength. As a result, also, the crack propagation conditions are different: In the case of the bridged crack model, crack propagates when the stress-intensity factor at the crack tip attains the critical value K IC , which is a measure of the matrix toughness. On the other hand, the cohesive crack model assumes that crack propagation occurs when the stress-intensity factor is equal to zero ͑i.e., when the stress at the crack tip equals the composite strength͒. In the first case, two factors affect the global toughness of the composite: The first is the matrix toughness, represented by the critical value of the stress-intensity factor, which is assumed to be a material property, and the second is the reinforcing phase toughening mechanism, governed by the properties of the reinforcements and by their interaction with the matrix. In the cohesive crack, only a global toughening mechanism of the composite is defined; it is represented by the shielding effect due to the cohesive tractions. As a consequence, the matrix toughening, explicitly represented in the former case by the matrix toughness, is in this latter case merged with the toughening mechanism produced by the secondary phase through the cohesive law. The cohesive crack model has been extensively used with the aim at describing concrete and fiber-reinforced cementitious composites ͑among others, see the papers by Hillerborg et al. ͓6͔, Petersson ͓7͔, Hillerborg ͓8͔, Shah ͓12͔, Cotterell et al. ͓13͔, Li and Liang ͓14͔, Wecharatana and Shah ͓15͔ , and Visalvanich and Naaman ͓16͔͒. Nevertheless, the bridged crack model, which seems to be more suitable to represent the discontinuous nature of the reinforcing actions, has been used even more extensively, both in the case of cementitious and ceramic composites. Among models specifically developed for the case of con-crete, we could mention those of Carpinteri ͓1,2͔, Ballarini et al. ͓17͔, Mai ͓18͔, Jenq and Shah ͓19͔, Foote et al. ͓20͔, Zhang and Li ͓21͔, and Ruiz ͓22͔. Other papers dealt preferably with ceramic composites, in which reinforcements could be fibers, ductile particles or even grain of the matrix itself, as in the case of SiC-SiC composites. This class includes the models of Erdogan and Joseph ͓23͔, Mai ͓24͔, Cox ͓25͔, Marshall et al. ͓26͔, Marshall and Cox ͓27͔, Budiansky et al. ͓28͔, Cox and Marshall ͓29, 30͔, and Ballarini and Muju ͓31͔. Both the cohesive and the bridged crack models lead to a nonlinear problem because in general, the closing tractions depend on the crack face openings, and vice versa. Several different approaches are taken in the aforementioned models, in order to resolve the nonlinear problem. A first approach due to Barenblatt ͓4͔, utilizes the superposition of the stress-intensity factors, from which a singular, nonlinear, integral equation is defined. The equation is then resolved directly in particular cases or through iterative procedures. Several researchers also followed a simplified path, by considering the planar crack face hypothesis. In this case, the solution is very simple and the unknowns are reduced to only one, namely, the FPZ depth. It should be noted that this approach does not take into account the compatibility and leads to, solely, an equilibrium solution. The same problem has been evidenced in other approaches, which are not directly referred to the planar crack face hypothesis. On the other hand, the bridged crack model proposed by Carpinteri ͓1͔ and co-workers takes into account both equilibrium and compatibility. This latter model has been deeply investigated for the case of monotonic loading; the interested reader is referred to ͓1,2,32-38͔. In particular, Carpinteri and Massabò ͓35͔ unified the bridged crack model and the cohesive one in a single formulation, demonstrating their practical equivalence. More recently, Carpinteri et al. ͓36͔ presented an improved version in which the reinforcements at two different length scales are represented. In fact, the actions exerted by the larger fibers ͑or bars͒ at the macroscale are represented through concentrated bridging loads, whereas those of the microscopic fibers at the microscale are modeled through a cohesive bridging law; this enhancement allows one to model composites with a nonlinear matrix.
Regarding cyclic loading and elastoplastic shakedown, this problem was originally addressed by Carpinteri and Carpinteri ͓39͔ and Carpinteri ͓40͔ in the case of a single reinforcement. Recently, Carpinteri and Puzzi ͓41,42͔ analyzed the case of two and any number of reinforcements. Similar developments were published by Carpinteri et al. ͓3͔ , who also extended the model to beams with a "T" cross section and prestressed ͓43͔.
In this paper, we review the fundamental issues in repeated loading of reinforced beams and, with the aim at modeling composites with a very high number of reinforcements, we propose a new solution procedure. Furthermore, we will analyze the combined effects of crack length, brittleness number, and fiber number on the cyclic behavior of the composite beam; eventually, we propose a crack propagation criterion based on fracture mechanics, which allows one to simulate cyclic bending tests not only under dead load conditions, but also under fixed grip conditions.
Geometry and Constitutive Equations
Let us consider a composite beam subjected to bending with an edge crack of length a, whose faces are bridged by intact reinforcements ͑either fibers or bars͒, as shown in Fig. 1 . The model focuses onto the cracked cross section and considers a portion of the beam of vanishing length ⌬l, centered on the crack, subjected to the bending moment M. Let b and h be the section thickness and height, respectively, N the total number of discrete reinforcing elements, and n the number of them acting across the crack wake. The normalized crack depth = a / h and the normalized coordinate = z / h are defined, z being the coordinate related to the bottom of the cross section. The generic position of the ith reinforcement is described by the coordinate c i , and its action is represented by an indeterminate force P i , while the crack opening in correspondence of its position is given by w i . The solution of the above problem consists in the determination of the n unknown reinforcement actions P i ,i =1, . . . ,n and of the n unknown crack openings.
Regarding materials, the beam matrix is considered to be elastic brittle, and smeared damage is not considered. The bridging law linking the closing action P i of the ith fiber with the corresponding crack opening w i is assumed to be rigid-perfectly plastic, so that it could represent both the fiber yielding or the matrix-fiber slippage ͑or pullout͒. In fact, the maximum bridging traction is defined by the ultimate force P Pi = A i y , A i being the single reinforcement cross-sectional area, and y the minimum between the reinforcement yield strength and the slippage stress. This assumption is valid for all brittle matrix composites with ductile reinforcements, such as metal-toughened ceramics and the large majority of fiber-reinforced cementitious composites. On the other hand, it is not apt to describe the traction law of materials reinforced with brittle fibers.
To resolve the statically indeterminate problem of the reinforcement action, compatibility displacement conditions at the cracked cross section are introduced. The crack opening in correspondence to the ith fiber can be computed by superposition, by adding the contribution w iM due to the external bending moment M to those due the n redundant reaction forces P i ͑w ij , i, j =1, . . . ,n͒,
where iM and ij are the local compliances, i.e., the crack opening displacements at the ith fiber level, due to a unit bending moment M = 1 and a unit closing action P j = 1, respectively. The localized rotation also may be computed by superposition
where Mi is the local rotation due to a pair of unit opposite opening forces applied at c i ; according to Betti's theorem, it is equal to the compliance iM that appears in Eq. ͑1͒. MM represents the rotation due to the action of a unit bending moment M. The energy balance for the determination of the generic local compliance of a cracked element subjected to a generic loading condition can be found in the papers by Bosco and Carpinteri ͓32͔ and Carpinteri and Massabò ͓35͔. The final expressions of the compliances are Transactions of the ASME
where the shape functions Y M and Y Pi are given in different stress intensity factors ͑SIFs͒ handbooks ͓44,45͔. The foregoing theoretical scheme allows us to describe the indeterminate problem of the n unknown forces in a matrix form. Let ͕w͖ = ͕w 1 , . . . ,w n ͖ T be the vector of the crack face displacements ͑openings͒ in correspondence to the n fibers, with numbering starting from the bottom fiber. Correspondingly, the vector ͕P͖ = ͕P 1 , . . . , P n ͖ T of the indeterminate fiber actions, is defined. The local compliances due to the external bending moment M are collected into the vector ͕ M ͖ = ͕ 1M , . . . , nM ͖ T , whereas those due to the bridging tractions P i are collected in a matrix ͓͔, of dimensions ͑n ϫ n͒, the generic element ij of which is the local compliance ij . Recalling the expression of the ith crack opening w i , Eq. ͑1͒, it is possible to express the vector ͕w͖ through the following equation:
Considering a beam loaded by the external bending moment M, before the onset of yielding ͑or slippage between the reinforcement and the matrix͒, the bridging actions keep the crack locally closed. The compatibility condition is therefore expressed by the following linear matrix system of n equations: ͕w͖ = ͕0͖. The system solution leads to the computation of the vector ͕P͖ of the unknown forces exerted by the reinforcements; they are functions of the applied bending moment M, as follows ͑it can be easily shown that the matrix ͓͔ is symmetric and positively definite͒:
After the plastic limit of the most loaded fiber ͑say, the ith͒ has been reached, the value of the ith opening w i becomes greater than zero and a priori unknown. This means that the ith equation of the n relations ͑5͒ does not hold any longer. In this new phase, the statically indeterminate problem is solved by imposing a zero crack opening in correspondence of the ͑n −1͒ reinforcements, which still are in their elastic regime, through Eq. ͑4͒. By doing so, a linear system is obtained, of rank ͑n −1͒, since the bridging action P i is already known and equal to its plastic limit: P i = P Pi . After the bridging tractions have been computed, it is a simple task to determine the amount of the crack opening w i by introducing their values into the ith equation of the system ͑4͒. A similar procedure can be followed to resolve the indeterminate problem at a subsequent stage, when two or more reinforcements are in the plastic ͑or slippage͒ stage. It can be easily observed that, for any given load, the number of compatibility conditions is equal to the number of static unknowns. In other words, when a fiber reaches its maximum attainable load, which corresponds to plastic flow or sliding, the true unknown becomes the corresponding opening displacement. As a result, the indeterminacy degree of the initially statically indeterminate problem is reduced by one.
To write this procedure mathematically in a general form, supposing that n f fibers are in a condition of plastic flow, while the remaining n c still behave elastically, the problem is partially statically indeterminate and partially determinate, the true unknowns being n f displacements ͕w f ͖ and n c reactions ͕P c ͖ ͑the subscripts f and c refer to free and constrained, respectively͒. Partitioning Eq. ͑4͒ in order to separate the static variables from the kinematic ones, the following system is obtained:
Considering that ͕w c ͖ ϭ ͕0͖, from the lower part of Eq. ͑6͒ the n c statically indeterminate bridging actions can be determined
Introducing Eq. ͑7͒ into the upper part of Eq. ͑6͒, and considering again that P fi = P Pi , it is straightforward to compute the displacements ͕w f ͖,
For the case of repeated loading, the generalization of these formulas is obvious: it is only necessary to consider each single monotonic part of the loading process, with the load either increasing or decreasing, as starting from an initial configuration ͑here after indicated by the subscript zero͒, as shown in Fig. 2 . Therefore, Eq. ͑4͒ can be rewritten in its incremental form,
As in the previous case, the system of the n equations ͑9͒ presents 2n unknowns: the displacements ͕w͖ and the reactions ͕P͖ of the n reinforcements crossing the crack wake. The problem can be solved on the basis of the already described compatibility condition: The ith component of the left-hand side term of Eq. ͑9͒ should be zero till the inverse limit force of the ith reinforcement is attained: P i =−P Pi . Unless this condition is reached, the n indeterminate reactions ͕P͖ are expressed by
while the displacements are known: ͕w͖ = ͕w 0 ͖. Equation ͑10͒ is a generalization of Eq. ͑5͒; following the same reasoning, Eqs. ͑6͒-͑8͒ could also be generalized as follows:
ͮͪ ͑11͒
with the following note: P fi = g P Pi , i =1, . . . ,n f , where g is a flag variable, equal to 1 if the load is increasing, equal to −1 if, on the contrary, the load is decreasing. Considering that w c = w 0,c , from the lower part of Eq. ͑11͒, we obtain
As in the previous case, it is finally possible to compute the free crack opening displacements ͕w f ͖,
The last three equations are the kernel of the algorithm in the case of repeated or cyclic loading. 
Numerical Procedure
Two possibilities are given for computing the static and kinematic unknowns for an assigned load M; the simplest way, proposed by Carpinteri et al. ͓3͔ , is to consider the fact that the system behavior is piecewise linear. Starting from the initial condition, in which all fibers behave elastically ͑n c = n, n f =0͒, the authors consider that the most solicited reinforcement ͑say, the jth͒ is the first to reach its plastic limit and compute the load factor, which exactly gives P j = P Pj . After this first step, they set P j = P Pj ͑n c = m −1, n f =1͒ and then compute the other reinforcements actions from Eq. ͑12͒; again, the system response is linear, till the most solicited reinforcement ͑say, the kth͒ reaches its plastic limit. Again, the load factor is computed, which gives P k = P Pk , and then the procedure is iterated up to the maximum bending moment M. This algorithm, although efficient, has the disadvantage that, in the case of a high number of fibers, may require a high number of numerical steps for describing a complete loading-unloading cycle.
To overcome this limitation, the following iterative procedure is proposed, in which the true unknowns are 2n + 1, namely, the crack openings ͕w͖, the reinforcements indeterminate actions ͕P͖ and the number n f of plasticized ͑or slipped͒ reinforcing elements. The procedure is summarized in the following flowchart:
1. initialize n f ͑and n c = n − n f ͒. 2. compute bridging actions ͕P c ͖, ͑Eq. ͑10͒ if n f ϭ 0, Eq. ͑12͒ otherwise͒. 3. loop entering condition if there are stresses outside the allowed range:
Stresses exceeding or nearby the maximum are set to the maximum:
Stresses below or nearby the minimum are set to the minimum:
c. Update n f ͑and n c ͒, if necessary. d.
Loop exit condition: if n f has been changed in step c., return to step 2, otherwise exit the loop.
4. Compute the crack openings ͕w f ͖, Eq. ͑13͒.
The present model is able to capture the flexural behavior of fiber-reinforced materials, with their hardening and the elasticplastic shakedown above certain load thresholds ͓3,39-43͔, each fiber yielding results in a slight decrease of the overall system stiffness. A synthetic example is reported in Fig. 3 for the case of four fibers: elastic, as well plastic, shakedown is clearly visible.
The advantage of the described procedure is that it allows one to compute a complete loading-unloading cycle without the necessity to compute the values of plastic ͑or shakedown͒ moments; this point is very important if the model is used in fatigue calculations, where a large number of cycles should be simulated. An example is reported in Fig. 4 , where a complete loading unloading cycle is represented in terms of bending moment versus localized rotation ͑note that both quantities are expressed in nondimensional or normalized form; the normalization factors are M 0 = K Ic bh 3/2 and 0 = K IC / ͑E ͱ h͒͒. The continuous line corresponds to the procedure by Carpinteri et al. ͓3͔, the circles being the values of the moment at which reinforcements attain their limits, either in tension or in compression; the dotted line corresponds to the present iterative procedure, with the complete cycle approximated by means of only ten points. The drawback of this procedure is represented by a small error in the evaluation of the dissipated energy per cycle, which is slightly underestimated, as could be seen in the graph of Fig. 4 ͑the gray-shaded area corresponds to the error, which is Ͻ5%͒.
Crack Propagation and Energy Dissipation Capability
Thus far, the algorithm considers only the system behavior at a fixed crack length a; nevertheless, it is clear that, in real problems, the crack may propagate. There are several ways of including crack propagation in the bridged crack model; most of the papers available in the literature consider directly an empirical crack propagation criterion according to the Paris and Erdogan law ͓46͔, as for instance, in Matsumoto, and Li ͓47͔ and Carpinteri et al. ͓3, 43͔ . This is probably because these papers are focused on the fatigue modeling of the fibrous composite. On the contrary, in those papers in which the focus is on the constitutive flexural behavior of the composite beam, crack propagation is introduced-consistently with the model premises-on the basis of linear elastic fracture mechanics ͑LEFM͒.
In virtue of the superposition principle, the total stress intensity factor K I is the sum of two contributions: that due to the externally applied bending moment M and that of the n forces applied on the crack surfaces, due to the reinforcements, both defined in ͓32͔. Equating the total stress intensity factor K I to its critical value K IC , the fracture propagation moment M F is obtained. Its value is given by the following relation:
where Y m and Y Pi , i =1, . . . ,n, are the shape functions already defined, = a / h is the relative crack depth, and ␣ i is the ratio of the actual value of the force carried by the ith reinforcement to its limit value at plastic flow. The brittleness number N P that appears in Eq. ͑14͒ is defined as ͓1͔
where is the volume fraction of the fibers. This parameter is the fundamental quantity governing the system behavior: the higher N P , the more ductile the system behavior results to be ͓1,2,32-35͔.
As evidenced first by Carpinteri and Carpinteri ͓39͔ for the case of one fiber, by Carpinteri and Puzzi for the case of two fibers ͓41͔ and by Carpinteri et al. ͓3͔ for the case of three or more fibers, the value of fracture propagation moment M F could be higher or lower than M SD ͑and even M P ͒, depending on the values of and N P . In other words, by varying the fundamental parameters that describe the composite beam, it is possible to pass from a ductile to a brittle behavior, in which fracture propagation precedes the onset of shakedown and, in some cases, even the onset of fiber slippage. In these latter cases, it is evident that the composite is not able to dissipate any energy if subjected to repeated or cyclic loading.
The easiest effect to ascertain is that of crack length : typically, the most brittle behavior is found when is higher, whereas short to medium crack lengths usually lead to the presence of elastic or plastic shakedown. However, the combined effect of all parameters must be investigated, since the above statement is valid only in the case of a medium to high value of the brittleness number N P : on the contrary, if N P is very low ͑which corresponds to the case of lightly reinforced beams͒, shakedown appears at almost any crack length ͑see examples for one and three fibers in ͓39͔ and ͓3͔, respectively͒.
In order to gain a more complete information, we performed a detailed analysis by varying the number of fibers n and the brittleness number N P at a constant crack length. By doing so, we could evaluate the effect of an increase in both the fiber number and the brittleness number N P . Results are summarized in Fig. 5 , where, by varying the fiber number n from 1 up to 150 and the brittleness number N P from 0.01 up to 2.00, five distinct zones are obtained. The considered crack depth is = 0.3, and the fibers are equally spaced. In the first zone, marked by ͑A͒, the combination of a very low fiber number and a sufficiently high brittleness number provides the most brittle system response, with unstable fracture preceding the fiber yielding ͑or slippage͒. In the second zone, marked by ͑B͒, at least one fiber undergoes yielding, but the fracture moment always precedes the onset of plastic shakedown. In the third one, marked by ͑C͒, all fibers undergo yielding, but plastic shakedown is again ruled out by unstable crack propagation. By further decreasing the brittleness number, or by further increasing the fiber number, a more ductile system behavior could be obtained: In zone ͑D͒, in fact, plastic shakedown of one or more fibers occurs, therefore providing a more ductile system response, with greater capacity of energy dissipation under repeated and cyclic loading condition. Eventually, the most favorable condition is met only in the case of a very low brittleness number; in this case, which corresponds to the zone marked by ͑E͒ in Fig. 5 , all reinforcements undergo plastic shakedown and the energy absorption capacity is maximum. In Fig. 5͑b͒ , a zoom on the lower values of n is reported in order to clearly observe the bounds of the zone ͑A͒. It can be noted that the upper bound is almost horizontal; therefore, the most brittle behavior may occur only in the case of a beam with a very low number of fibers, namely, only in the cases of n = 1 or 2.
Thus, the following conclusions could be drawn from the obtained graphs: In order to have great energy dissipation and probably longer fatigue life, the brittleness number should be not too high, while an increase of the fiber number is, in general, beneficial. Eventually, it could be remarked that, if the crack length is varied, then a similar diagram is obtained in which all curves shift toward the upper-left direction if the crack length is increased ͑or, conversely, towards the lower-right direction if the crack length is decreased͒. In other words, as previously observed, longer cracks produce a more brittle behavior. If we introduce a third axis for representing the crack length, the curves of Fig. 5 expand into manifolds, which give a complete information about the combined effects of , N P and n on the energy dissipation capability of the reinforced composite beam.
It is evident that the proposed crack propagation criterion, based on the LEFM solution for a crack crossed by fibers, results in a threshold function for the external load: if the load remains below it, then the crack does not propagate; otherwise, if the load overcomes it, then the crack starts propagating. The crack propagation stability has been addressed by Carpinteri and co-workers in several papers ͓2,32-35͔. It has been shown, in the case of monotonic loading that the crack propagation may be catastrophic or not, depending on the brittleness number. In the former case, which corresponds to structures badly reinforced ͑low values of N P ͒, the crack propagation is not stable and phenomena of instability ͑both of the snap-back and/or the snap-through type͒ are possible. In the latter case, which corresponds to more heavily reinforced composite beams ͑with higher values of N P ͒, the crack propagation stops after a certain amount, thanks to the bridging actions, which avoid the crack to prosecute.
In the case of cyclic loading, the same behavior may happen and the equality M = M F , i.e., external load equal to the fracture propagation moment, may not bring to brittle failure, as was the case, for instance, in the paper by Carpinteri et al. ͓3͔ . This could obviously be the case, but not in general. There is no particular reason, if cyclic loading is considered, for obtaining a constitutive composite behavior different from that obtained in the case of monotonic loading, at least if the loading frequency is not too high. Furthermore, there is an additional reason for considering that the function M F ͑͒ is not always a decreasing function of , in particular, if fiber-reinforced composites are modeled: In this case, in fact, crack propagation involves crossing of new intact fibers, which exert their actions across the crack wake. In this case, the sum in Eq. ͑14͒ changes its upper limit n, which is increased. The physical resulting effect is a possible increase of M F as the crack propagates.
In order to take into consideration the above remarks, the numerical algorithm with crack propagation may be constructed as follows: if the external load overcomes the threshold value M F , then the crack length is increased; as a consequence, all compliances, displacements, reinforcement reactions, and M F have to be updated. The crack length is increased until one of the following occurs: either failure of the composite beam is achieved or the value of the fracture propagating moment overcomes the external loading value: M Ͻ M F . In the latter case, crack propagation stops and the algorithm prosecutes as shown before. The algorithm is summarized in the following chart, in which internal procedure 2.a is the iterative procedure previously outlined: This algorithm has the advantage that it allows one to simulate not only the dead load condition, but also the fixed grip condition, which is sometimes used also in the case of repeated loading ͓48͔.
In the latter case, it is possible to reproduce the complete softening behavior of the structure, with the envelope of the maxima of the cycles being coincident with the moment-rotation diagram obtained from the bridged crack model in the case of monotonic loading. Two examples are reported in Fig. 6 ; they refer to a composite beam with n = 2 reinforcements equally spaced in an initial crack of length = 0.3. The system response is represented in terms of moment-rotation relation, expressed, as before, through normalized ͑or nondimensional͒ quantities. The response of a beam characterized by N P = 0.05 is reported in Fig. 6͑a͒ , whereas in Fig. 6͑b͒ that of a beam with N P = 0.15 is presented. Both diagrams clearly evidence the softening branch; as expected, the beam with higher brittleness number ͑Fig. 6͑b͒͒ exhibits higher load levels ͑higher cracking resistance͒ and also higher plastic deformations. Nevertheless, the beam in Fig. 6͑b͒ exhibits plastic shakedown of only one reinforcement, while the beam 6͑a͒ of both of them. In fact, if we look at Fig. 5͑b͒ , we could note that the beam in Fig. 5͑b͒ is contained in the region marked by ͑D͒, while the beam 5͑a͒ lies in region ͑E͒. Furthermore, as the crack propagates, the beam in Fig.  5͑b͒ is no longer able to dissipate energy, since the shakedown disappears, being preceded by crack propagation. This effect is due to the fact that the lines in Fig. 5 shift towards the upper-left corner as the crack propagates, as already remarked. On the contrary, the beam in Fig. 6͑a͒ continues to display hysteretic cycles as the crack propagates. As a result, the more ductile composite beam ͑with higher N P ͒ does not dissipate a larger amount of energy. This fact is even more clear if we compare the beams under the same external bending load, M / M 0 = 0.2, as shown in Fig. 6 . The beam in Fig. 6͑a͒ describes a hysteretic cycle, therefore dissipating energy whereas the beam in Fig. 6͑b͒ is not able to dissipate any energy, presenting only elastic shakedown.
The above example clearly evidences that, when repeated loading is considered, the brittleness number is not enough to characterize the beam behavior. In fact, the beam with higher N P does not necessarily result in being the more ductile, with reference to hysteretic energy dissipation. It is also evident the relevance of the diagram reported in Fig. 5 . This diagram allows to evaluate, for instance, if an increase in n is beneficial or not to the beam, in terms of the increase in energy dissipation. If we consider, for instance, a beam with N P = 0.05, initial crack length = 0.3 and n = 1, an increase to n = 3 leads to a greater amount of energy dissipation and to a longer fatigue life ͑as in the example reported by Carpinteri et al. ͓3͔͒ . In fact, the increase in n determines a transition from zone ͑C͒ to zone ͑D͒, where plastic shakedown occurs; see Fig. 5͑b͒ . If we consider a larger brittleness number, for instance, N P = 0.5, the same increase in fiber number does not lead to any improvement of the reinforced beam, since in the latter case the beam remains within zone ͑C͒, where no shakedown occurs. As a consequence, no energy dissipation occurs and the increase in n is not effective.
Conclusions
In this paper, we presented some issues in the modeling of brittle matrix composites with discontinuous reinforcements under the condition of repeated bending loading. In particular, addressing the case of composites with high number of reinforcements, we proposed a new iterative procedure applied to the bridged crack model ͓1,2͔. Furthermore, we analyzed the combined effects of crack length, brittleness number, and fiber number on the cyclic behavior of the composite beam, drawing interesting considerations about hysteretic energy dissipation in the composite beam. Eventually, we analyzed crack propagation by modeling it with a fracture-mechanics-based criterion and showed examples of simulations of repeated bending tests under fixed grip conditions.
